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A method is derived for the design of stirred tank reactors for homogeneous reactions. A simple
mixing model proposed previously by Curl (4) is used to compute the effects of finite mixing
time on complex chemical reactions. It is also shown how the parameters of the model can be
obtained by tracer experiments, or estimated theoretically by the assumption of isotropic
turbulence. It is shown that in many practical cases the assumption of ideal mixing is a good
approximation. However, the effects of imperfect mixing are more likely to be felt in a large
reactor than in a pilot plant. Some quantitative examples are discussed. Methods are derived
to compute the average outlet concentration for complex systems such as autothermic reac-

tions, polymerization, crystallization, etc.

In a number of recent publications the effect of mixing
on homogenous chemical reacuons is discussed. In this
paper an attempt is made to summarize this work into a
design and scale up procedure for stirred tank reactors.
The method as described is hmited to reactants which
completely mix though it can be extended to certain
heterogeneous reaction systems.

Now in any such scale up problem the first question
that one has to answer is what are the dangers involved.
If there is only a simple one path reaction, then the only
question is how much is the conversion affected, and this
can be relatively easily handled either by safety factors or
by some of the estimation procedures described in the
following. The more complex and challenging case is the
one in which the product quality itself might be affected
by the scale up, and in this case there is no way of com-
pensating for our lack of precise knowledge by a larger re-
actor volume. This is true especially in complex reactions,
where side reactions might be favored by local overcon-
centrations. Other systems very sensitive to local over-
concentration are systems involving nucleation, such as
crystallization and certain polymerization processes.

The problem of scaling up a homogeneous reaction is
therefore basically to evaluate the effect of mixing on the
reaction. The first question that we have to ask ourselves
is what changes when we scale up. One property we want
to maintain during scale up is a similarity in the basic
flow regime. It was shown in previous work (8, 9) that
this criterion can be fulfilled by choosing the size of the
pilot plant or bench reactor such that the Reynolds num-
ber is large (> 10* or preferably 10%). This ensures that
the average velocity distribution is a function of space
coordinates only and fairly independent of Reynolds num-
ber, resulting in a similarity in the overall velocity distri-
bution between geometrically similar reactors. The second
criterion commonly used and explained elsewhere (8, 9)
is that the energy input per unit volume should be con-
stant, as this gives a similarity of the turbulent flow regime
in the high wave number range of the turbulent velocity
spectrum. This is important for heterogeneous systems, as
the velocity field that a single particle sees around its
periphery remains constant during scale up. It was pointed
out that the time scale of mixing changes during scale up
at constant energy input per unit volume. To keep this
time constant during scale up of geometrically similar
vessels (with large Reynolds numbers) one would have to
keep the agitator speed constant. For homogeneous reac-
tions the overall mixing time is really the important cri-
terion, and as long as we can keep both the Reynolds
number high and the revolutions per minute constant,
then we could scale up with considerable confidence. This
is however in most cases impractical. At constant revolu-
tions per minute the Reynolds number increases linearly
with the characteristic length L and the energy input per
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unit volume increases proportionally to L% If we want to
keep the Reynolds number above 10* in the small vessel
we either have a relatively small scale up ratio or we end
up with an unrealistic energy consumption in the large
vessel. We therefore often have to live with the fact that
during scale up the mixing time increases and try to esti-
mate this effect in a quantitative way. These considera-
tions apply not only for the design of continuous reactors
but also to the design of batch reactors, if one of the re-
actants is added continuously.

Zweitering (17) has shown that if the reaction is of
nth order and the feed is premixed one can estimate
bounds on the conversion. One bound (a maximum for
n > 1 and a minimum for n < 1) is the case of maximum
segregation, where all particles are assumed to mix only
with particles having the same age and waiting time, the
other bound is the case of maximum mixedness, which in
the case of a stirred reactor with a Poisson residence time
distribution is the same as the ideally mixed reactor. Ob-
viously for a first-order reaction the conversion is inde-
pendent of mixing and depends only on residence time
distribution. For more complex reactions these limiting
cases do not result in any bounds on conversion, and other
methods to obtain these bounds for more complex systems
have been proposed (15). While these methods are not
rigorous they still give a fairly good estimate of the
bounds.

Such bounding is especially useful if the bounds are
close together. This indicates that the system is insensitive
to mixing and can be scaled up quite safely. However, in
the cases where it matters most, namely, in complex re-
actions, nucleation, etc., the bounds are very far apart,
and thus bounding methods based on residence time dis-
tribution alone are not very useful. Luckily most agitated
reactors are, in their behavior, very close to ideally stirred
tanks, Mixing times in most reactors are measured in sec-
onds whereas residence times are normally measured in
minutes or hours. Unless we deal with a system sensitive
to mixing or with very large reactors, it is very hard to
measure any deviations from complete mixing [see for
example (16)]. We therefore normally deal with the case
of a reactor which at least in the pilot plant is very close
to ideal mixing and our main problem is to estimate

1. How large is the deviation from ideal mixing likely
to become in the large scale reactor?

2. How sensitive is the process to small deviations from
complete mixing?

A quantitative approach to these two problems is out-
lined in the following sections.

THE MODEL

The mixing model for a stirred tank reactor used here
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is the one used by Curl (4), Spielman and Levenspiel
(11), Kattan and Adler (18), and others in this and re-
lated contexts. Briefly, it regards the reacting mass as
made up of a large number of equally-sized parcels of
material (particles), which from time to time undergo
independent pair collisions, equalize concentrations, and
then separate. Between collisions, each parcel of fluid
behaves like a little batch reactor. Fresh material is fed
at a constant rate, and the withdrawal takes a representa-
tive cut of the contents of the vessel. One speaks of these
particles as though they had a definite material identity.
This is reasonable for dispersed phase systems but here
where we are dealing with homogenous phase systems,
they might perhaps be better regarded for the present
purpose as primitive representations of turbulent eddies.

If we consider, for concreteness, a single reaction where
the concentration ¢ of reagent behaves in batch according
to

& .

then we may describe the contents of the reactor at any

time ¢ by the concentration distribution p(c, t) of par-

ticles at that time. Technically speaking, p is a probability

density in ¢, with f ® p(c, t)dc giving the proportion of
a

particles having concentration between a and b at time t.
The distribution p, according to what has been said,
satisfies the integro-differential equation (4)

dap(c, ‘
p(;tw + T‘:E“ (r(@)p(e, 1)} = alpoler ) — plar 1)}

+ 2;3{ ffp(c', t)p(c”, t)8 ( d ; A )dc’dc”

—p(c,t)} (2)

where po(c, t) is the concentration distribution for the
feed, 1/a the nominal residence time of material in the
tank, and B a measure of the agglomerative mixing in-
tensity. The mean concentration of reagent in the vessel
and outlet is simply the first moment of p, and this is the
working measure of overall reactor performance for a
given kinetic system. Information about the random fluc-
tuations in a turbulent mixing system is given by the
higher moments.

It should be noted that the concentration variable ¢ in
Equation (2) may be scaled in any one of a number of
convenient ways, provided only that the basic property
of averaging on agglomeration is preserved. Thus, we may
write (2) with yield, conversion, extent of reaction, and

+ T‘; {s(x, y)p{x, 4, t) }= a{po(x, 4, 8)—p(x, 4, 1) }

+ 28 { f.“ .fP(x’, ¥, t)p(x”,y", t)

5 (—"-—“-;—x—— x )s (_y-%z- —y ) & dy'da”dy”

—plx,y, t)} (4)

Calculations of reactor performance according to Equa-
tions (2) and (4) for some common one and two reaction
schemes will be found below.

The basic equation in p may be applied as well in the
study of certain polymerization reactions, where we are
concerned, to describe the molecular weight distribution.
In a homogeneous radical polymerization, for example, we
are concerned to describe the concentration of initiator
(catalyst) i(t), of monomer m(t), of growing radicals
having molecular weight between r and 7 + dr, ¢(r, t)dr,
and of terminated polymer having molecular weight be-
tween r and r + dr, ¢(r, t)dr. Assuming termination by
combination, the batch performance of such a polymeriza-
tion system may be described following reference 19 by

o (1) +Cm 34(r, t)
ot )
=B i(t)8(r) — D ¢(r, t) _fd’df

oy (r, t) D _
o = 2—f (7, )b (r—7, t)dr

%)— = —Bi(t)

i ——cm() § dr
i

Here, the molecular weight is reckoned in monomer
units, » is the number of radicals formed by each molecule
of decomposing initiator, and B, G, D are rate con§tants
for initiation, propagation, and termination, respt?ctlv.ely.
Again, introducing the moments of the size distributions

x;= Jrigdr, y; = fr" wdr

we find, (19) a set of batch kinetic equations in these
moments and the concentrations 4, m:

d
so on, in place of ¢. Further, when there is more than one T vBi — Dx,?
reaction going on, so that the kinetics are described by dt
several simultaneous equations in place of Equation (1), dx,
we find natural generalizations of (2). Thus, with two in- = Gmx, — Dxex;
dependent reactions whose progress variables (say) fol- dt
low the kinetic scheme dxs
= 2Gmx1 - onxz
dx dt
':i‘t- = r(x, y) dyo D
T= xoz
dy dt 2
— = s(x, y) (38)
dt dyy -D
we have T XXy
BP (x: Y, t) d dy2
R L B, 22 2
5 T U yp(ny 1)) 7 = D (wome + %)
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di

— = —Bi

dt !

dm - 5)
T— MXe (

These serve as an eight dimensional version of (3), and
we have corresponding to them an eight dimensional
version of (4) in the distribution p(%,,%1.%2,Y0Y1,Y2,5:m,t).
From the distribution p, we may recover, say, the weight
average molecular weight of radical together with poly-
mer as

f(xz + y2) p dx.dxidxady.dy,dy.di dm

f(xl + y1) p dxodxidxsdyody dy.di dm

Entirely similar considerations may be applied to the
study of such particulate systems as crystallization re-
action.

Now the methods of solution of Equations (2) and (4)
that are developed below apply regardless of the number
of independent reaction variables, provided only that the
kinetic expressions may be taken as polynomials in these
reaction variables. They may accordingly furnish a useful
guide to how the mixing interacts with strong nonlineari-
ties in the kinetics, as in the crystallization nucleation
rate, or with an independently varied critical feed stream,
as in the initiator feed to polymerization reactors. We do
not however present any results along these lines here,
but reserve these studies for later report.

Solutions to Equation (2) for several simple reactions
have been published (4, 7, 11). In the literature (I11) a
Monte Carlo method was used and (7) a direct numerical
method was employed. A method will be described in
this paper which allows one to obtain the moments of
p(c) in a simpler way.

The authors want in no way to imply that the above
model represents the real mixing processes in a turbulent
reactor. These are far more complex and defy as yet an
analytical description. The above model has, however,
one important similarity to turbulent mixing. As will be
shown below a concentration disturbance (in the absence
of reaction) as computed from this model shows the same
sort of decay as in isotropic turbulence, the variance (or
the second moment) of the concentration in fluctuations
in both cases decreasing exponentially with time. We
furthermore do not claim that it is possible to predict a
conversion accurately if 8/« is not very large. Our claim
that this simplified model is useful in design is based on
the fact that the behavior of the conversion with respect
to B/« reaches an asymptotic value for high values of
B/a. As long as B/« during scale up stays large enough
so that we remain in a region where our results are in-
sensitive to B/a, we have good justification to assume
that a real mixing process will also be insensitive to mixing
in the same range of mixing times. In the design of real
stirred tank reactors we mostly deal with small deviations
from complete mixing. To say that the results are insen-
sitive to the value of B/« provided B/« is large enough
is the same as assuming the vessel is ideally mixed. The
method described above allows one to estimate the mixing
intensity required to approach ideal mixing. Now even if
the vessel is not ideally mixed, and the results depend on
B/«, as long as the deviations from ideal mixing are small,
the above method should estimate these effects fairly ac-
curately. The question that we still have to answer is how
can we relate B/« to an experimentally measurable quan-
tity, or how can we estimate it in the absence of suitable
measurements.
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INTERPRETATION OF TRACER EXPERIMENTS

We are concerned here to attach am empirical inter-
pretation to the mixing intensity parameter 8 of Equation
(2) and its higher-dimensional analogues. This interpre-
tation is to be found in the analysis of tracer mixing
experiments, and we accordingly begin by writing (2),
without the kinetic term, in the form

ap (c, t)

Framial {polc, t) —plc, t)}

+ 2,8{ ff p(c,t) p (c,t)

8 (c -2‘-0 —c)dc’dc”-—p(c,t)}

(6)

We may note at once that the information we want is
contained in the statistical fluctuations of concentration
about its mean. As far as mean values go, the mixing
system (without reaction) behaves like a completely
mixed vessel with input-output time constant a.

Indeed, if we denote the mean concentration by

u(t) = fc plc, t)dt

we find from (6) that p satisfies the ordinary differential
equation
dp

== ali— ) (7)

independent of 8, where

wo(t) = J e pote t) do

is the mean of the feed distribution p,. And if we put a
step of tracer into the feed of an initially tracer-free ves-
sel, so that
pole,t) = 8(c—co);t> 0 (8)
and .
w(o) =o (9)

we find from (7) that the mean tracer concentration in
the vessel and its outlet is

p(t) = co(1—e~) (10)

the familiar stirred tank exponential response.
The first measure of the concentration fluctuation is
given by its variance

(1) = J te—u(®)}p(c t)de

and we find from Equations (6) and (7) that it satisfies
the differential equation

do?
dt

= a(po—p)% + a(o?—a?) —Bo?  (11)
where

a2 (t) = f{c — po(t)}2 po(c, t)de

is the variance of the feed distribution. Again, with a step
of tracer (8) in the feed of a vessel that is initially tracer-
free, so that we have, besides, (9), the initial condition

a2(0) =0 (12)
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we find by solving (11) and consulting (10) that the
variance of tracer concentration in the vessel and its outlet
is given by

e—at 8—)3!:
B—a
With careful monitoring of an output line, the expression
for the variance in (13) may serve as a guide to the

estimation of 8. This variance rises from 0 to a maximum
at

a2(t) = ac,>e

(13)

1 B+«

= In

B—a« 2a
before decaying again to 0, and, with « known, the bare
location of this maximum will give some estimate of B,
even without detailed knowledge of the variance history.

The step input experiments described above furnish
perhaps the most convenient means for an empirical de-
termination of 8, although the underlying Equation (6)
can readily be made to yield results appropriate to quite
different experimental situations. Indeed, the most direct
way of visualizing the effect of 8 is via a batch experiment
with no input-output at all. If, in (6), we drop the input-
output terms, we are left with (4)

_BL;%,t_) = 28 {ffp(c’,t)p(c”, t)

5 (f—iz—c—— c) de'de” — p(c, 1) } (14)

and we may see from this equation that the mean tracer
concentration is constant

t

d
E,:‘ =0
and that the variance decays according to
do?
== (15)

Thus, in a pure batch experiment, where a quantity of
tracer is injected initially into some portion of the vessel,
the resulting inhomogeneity in the distribution of tracer
in the vessel decays, as far as variance goes, according to

o2(t) = ¢2(0) =Pt

that is, simply with the time constant 8. According to this
direct interpretation, 8 can be related to the characteris-
tics of the turbulent flow in the vessel, and we shall re-
view below these relations and their implication for the
translation of B from one scale of operation to another.

In order to get an experimental measurement of 8 we
can therefore perform three types of experiments. One is
to introduce an amount of tracer and measure the decay
of the concentration fluctuations. The second is to intro-
duce a step in tracer concentration and perform the same
measurement. The third is in the case of multiple feeds to
introduce a tracer in one of the feed streams only and
measure the variance of the concentration fluctuations
over the vessel at steady state. (The latter can also readily
be computed.) In each case we need a method which is
able to measure concentration fluctuations on a very small
scale.

Two methods have been recently developed which
should make an important contribution to our under-
standing of the mixing process in stirred tanks. One de-
veloped by Kim and Wilhelm (5) is based on the scatter-
ing of light due to gradients in the refractive index. The
second by Brodkey (2) uses fiber optics and colored
tracers. As yet there have been very few actual studies
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and it is hoped that in the near future more measurements
will be available, enabling one to correlate 8 with agitator
design.,

It may be noted finally that each value of the mixing
intensity 8 corresponds to a definite value of Zweitering’s
degree of segregation (17) in the reactor. Indeed, if we
denote the degree of segregation by s, we have simply

«
S=
a+ B

with vanishing 8 giving complete segregation, and infinite
B, complete mixing. Thus, an estimate- of the degree of
segregation, obtained perhaps by studying a particular
reaction system (not first order), can be translated directly
into an estimate of 8.

APPLICATION OF TURBULENCE THEORY

The work of Batchelor (1) and Corrsin (3) and others
on the application of the theory of turbulence to the scale
up of stirred tank reactors leads directly to an estimate of
the mixing intensity 8 in terms of the large-scale proper-
ties of the turbulence. Accordingly, we recapitulate the
basic results here, and discuss their bearing on the prac-
tical estimation of 8. The analysis is all for a homogenous
isotropic turbulence.

The development begins with the standard partial dif-
ferential equation for Fick’s law diffusion superimposed
on turbulent convection in an isolated system, from
which one argues in the usual way that

dc® 5 ;

g 2D (grad c)
Here D is the molecular diffusivity, ¢ is a concentration
fluctuation, and the overbar denotes an average so that
¢? is simply the variance o2 of concentration in a batch
experiment. The mean square gradient in concentration
fluctuation is related back to ¢ by introducing a micro-
scale I for the turbulent mixing, according to which the
mean square components of the concentration gradient all
have the common value

1 92 1 3% 193 ¢
2 a2 dy 2 oz Ln?
so that
i
(grad.052=6l2
and
dc 12D
— DT —— 02
dt 1.2

This represents a simple exponential decay in variance,
and consulting (15), we see that

,_ 12D (16)
12

Information about the turbulent velocity field itself is
however more naturally expressed in terms of the Taylor
(dissipation) microscale l;, and of a corresponding Reyn-
olds number R. The characteristic velocity appearing in
this Reynolds number is the root mean square velocity
fluctuation u. For an isotropic turbulence, this root mean
square fluctuation is the same in each coordinate direction.

u
V3
November, 1969

Up = Uy = Uy =



and the appropriate Reynolds number is accordingly de-
fined as

1 1
R:—;‘—. du

V3

where » is the (molecular) kinematic viscosity of the
working fluid. The two microscales are related (approxi-
mately) by the fact that

In* 2D

14 v

(17)

(18)

this relation being valid for R large, but D/» not too large.
We may note, as a guide, that diffusivities in water are
of the order of 107* to 1075 sq. cm./sec., while the kine-
matic viscosity » is 1072 sq. cm./sec. In most practical
liquid reaction problems D/» is less than or equal to
unity. [Should D/» be large the literature (1) shows how
the following analysis might be modified.]

Now the Taylor microscale Iy may be related to a char-
acteristic linear dimension L of the mixing system as a
whole (the paddle diameter, say, or the vessel diameter
itself) by taking

s A

L R
or, applying the definition (17) of the Reynolds number
R

2

Av

ldu

la o
A (19)
Here A is an empirical parameter, indepeudent of the
scale of the mixing system, but varying from one mixing
configuration to another. One would expect A to depend,
for example, on the physical properties of the working
fluid, on the shape of the stirrer in a mixed vessel, and
on the ratio of stirrer diameter to vessel diameter, but to
have the same value for geometrically similar mixing sys-
tems working on the same fluid.

The Taylor microscale Ig may also be related to the
power input to the turbulent fluid. Using a conservative
numerical factor, one takes the energy dissipation per unit
mass of fluid to be 10/3 » u?/l% and, with an empirical
efficiency factor #, one may identify this as the actual
power input e to the mixing system per unit mass of work-
ing fluid

10 pu?

€ = —

T8 2

The efficiency 4 measures that fraction of the power in-
put to the system which goes directly to the turbulent
velocity field (and is only later dissipated as heat), as
distinct from that fraction which goes directly to heat.
One would expect 5 also to be independent of the scale
of the mixing system, but varying from one mixing con-
figuration to another.

The basic physical relations in question are now con-
tained in (17), (19), (20), and these may be solved di-
rectly for u, lg, ln.

(20)

One finds
0.27A2 )1/6
u= ( (eL)1/3
7
12 \1/6
Io = (10.0 A%)1/8 ( ’ ) (21)
€

D3L2 \1/6
Ln = (80.0 A%)1/6 ( )
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and, consulting (16)

Bz(%l—;:,— 1/3 ({;)1/3 (22)

The first inference commonly drawn from (22) is that
in order to keep the same reactor mixing properties on
scale up, one should maintain similarity, and also keep
the ratio ¢/L2? constant. In geometrically similar vessels,
as e is proportional to N3L?, this means keeping the agi-
tator speed N constant during scale up. Also, since ¢ is
the power input per unit mass, keeping e/L? constant
amounts to making the actual power input proportional
to L% a demand which often results in uncommonly high
power requirements. More realistically, we may use (22)
to give a numerical estimate of 8 for a specified reactor
size L and power input per unit mass e, and then use the
methods developed below to estimate the effect of this 8
on the reaction system in hand. To do this requires of
course a knowledge of the constant A%y, but since this is
scale-free, it can be estimated economically in small scale
by means of the tracer experiments discussed above.

The dependence of 8 on ¢ and L shown in (22) might
of course also have been obtained by a straightforward
dimensional argument. But the analysis based on turbu-
lence theory leads also to some idea of the actual numeri-
cal magnitudes involved that may serve as a useful guide
to practice in the absence of the tracer experiments sug-
gested above. From work in wind tunnels and in pipe
flows, Corrsin cites the (approximate) values

A~20,7~1/2

ﬂN% (l%)l/w‘i (23)

In a typical commercial application, with L. = 100 cm.,
e = 2 X 10* sq.cm./sec.® (1 h.p./100 gal. of water),
Equation (23) gives 8 ~ .63 1/sec. It may be noted that
with these same numerical values, (21) gives for the root
mean square velocity fluctuation, v ~ 340 cm./sec., a
plausible figure for the circulation velocity in the vessel
(which in this context we identify with the turbulent
velocity fluctuation).

In agitated vessels both A and » should strongly depend
on agitator design and one would need more accurate
studies before one could really predict A and 5 on the
basis of the geometrical design of the vessel.

There are several studies available on the affect of
agitator design on overall mixing time. Van De Vusse (13)
measured mixing time by observing the disappearance of
large scale refractive index gradients via a Schlieren
method. While this is not the same as the tracer experi-
ment described in this section, we can still get an estimate
of 8, by writing

so that (22) gives

where the constant of proportionally m depends on the
sensitivity of the method used to determine the time of
complete mixing (m should vary from 1 to 5). Choosing
m = 1 gives a real lower bound on B, and this is exactly
what is needed in our case.

For a baffled completely stirred turbo or paddle mixer,
Van De Vusse recommends a scale up equation derived
by dimensional arguments which is exactly equivalent to
Equation (22). If one compares values of B8 estimated
from Van De Vusse’s work to Equation (23) one finds
that the values from (23) are too high. However, one
should remember that Van De Vusse measured disap-
pearance of a dye, and that by choosing 8 = 1/7m, we
made a very conservative estimate of 8. In view of this
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the experimental results are really in surprisingly good
agreement with our a priori estimate.
Van De Vusse’s data correlate well with

£~ (_52-)1/3

As said before the constant in this correlation strongly
depends on agitator design and should preferably be
either measured or in the absence of more accurate data
estimated from the literature (I13). In case a high value
of 8 is desirable strong emphasis should be given to cor-
rect agitator design and correct placement of the feed
pipes. Multiple agitators and multiple feed points can
increase the value of 8 considerably.

CALCULATION OF REACTOR PERFORMANCE

We are concerned here to establish a systematic way of
solving Equation (2) and its higher-dimensional ana-
logues such as Equation (4) under conditions of steady
state reactor operation. These equations seem in general
to be very diflicult to solve. and since our interest com-
monly centers on high mixing rates, we proceed by ex-
pansion in powers of «/B. What results is a succession of
linear integral equations in the successive contributions
to the overall p, and while these don’t seem to be easily
solvable either, they do lead to sets of linear algebraic
equations in the moments of the successive contributions
to p. The procedure closes, that is, it gives at each level
of approximation a self-contained set of equations in a
finite number of leading moments, provided the rate ex-
pressions (1), (3) and so on are polynomials. The result-
ing linear equations in the moments can be solved by
standard means. The overall average reactor performance
is found finally by adding up the contributions to the first
moments of p.

We begin with the one dimensional Equation (2). We
drop the time dependence, introduce a neutral variable x
to stand for concentration, yield or whatever, and divide
through by the input-output time constant « to find for
the distribution p

d
= F@p @)} =po(x) — (1 +N)p((2)

+ xff p(x)p(x”) & ( id -; il —-x) d¥'ds”  (24)

Here po(x) represents the feed distribution, commonly
8(x — =xo) for a suitable xo, f(x) is the rate expression
normalized on «, and

28

= (25)

o«

is a dimensionless mixing intensity. The first result we
want from (24) is an overall average material balance. If
we denote the moments of p by

Mo = J‘ x* p(x) dx
and those of p, by
Hnz0 = J'x”Po(x) dx

we find this material balance by multiplying (24) through
by x and integrating

—  #2) pla) de = o — (26)

We note also here that p(x) is to be a properly normal-
ized probability density, so that
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fp(x) de =1 (27)

If f is a polynomial of degree N, then (26) furnishes
an overall relation among the first N moments of p. In
particular, for a first order reaction with rate constant k,
where x is the concentration of reagent so that f(x) =
—kx/a, we find for the mean reagent concentration in
vessel and outlet the standard result

#1;0

b= %
1+—
«

(independent of the mixing intensity 8), where p1;0 is the
mean reagent concentration in the feed.

In general, however, p (but not py) and its moments
depend on the mixing intensity, and we proceed by ex-
panding (24), (26), (27) in powers of 1/A. We remind
ourselves that in almost all practical applications X is huge
as compared to unity, and we therefore expect such an
expansion to converge fairly rapidly.

We write formally

o«

O
plx) = D, = pP (x) (28)
j=o X
and
= i Lo (29)
bn = <~ Y Fn
=
so that
pa® = fxn pP (x)dx (30)

Bringing (28) to (24) and equating coefficients in A
gives for p®

pO (x) — J‘ fp«)) (&) p© (x”)
5 ( x +2x”

—x) dvdr” =0 (1)

fOl' p(l)
x/ 4
pe (x) —2 ffr“” (x')P(x”)S( zx

—_—x ) dx’dx”

d
= po(x) — pO(2) = —={f()p (%)} (32)

and for the higher p®

p@(x) — 2J‘fp(0)(x/)p(j)(xﬂ)8 ( x -;x”

i~-1
xl 4
-3 § f po)pu-o (x”)S( +2x - x) ddy”
i=1

— x) dx’dx”

— plU=b (x) — -dix— {fx)pd—(x)};i=2,8....... (83)

Similarly, bringing (28) and (29) to (26) and equating
coefficients in A gives in p‘®

1@ — § 1) p® (2)ds = pn (34)

and in the higher p»
w®— JfEpP @)= 0; j=1,2,.... (35)
Finally from (27), we have that
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pa® = (36)
while

po® =0, j=1,2,.... (37)

Now the equation (31) in p‘® simply represents the
behavior of the perfectly mixed reactor (infinite 8), and
its solution is

P9 (x) = 8[x— ] (38)

which satisfies the normalization (36). The mean value
1@ is determined by the overall material balance (34)

w1 — fLu @] = p1p0 (39)

With p‘@ in hand, we may attack the equation (32) in
the first correction p‘© by taking partial moments (30),
that is, by multiplying through by successive powers of x
and integrating. We find, taking due account of (37),
linear algebraic equations in the u,V of the form

1 1 3 (n
(1 — 5 )Mu) — 5 2 (_E) [ ]8O
m=1
=t — [T + 0[m @ [ ©lin = 2,3, ...

(40)

there being no information in the moment equations for
n = 1, This loss of information is however made up by
the overall material balance (35) for j = 1.

D — f fx)pP(x)dx =0 (41)

If f is a polynomial of degree N, Equation (41) is another
independent relation among the first N moments of p™®,
and taking it together with the Equations (40) for n =
2,3,...., N, we find a set of N linear algebraic equations
in 1, ..., uy'Y which can be solved by standard nu-
merical means. With these first N moments in hand, as
many further moments as desired can be generated by tak-
ing (40) forn = N + 1, N+ 2, etc,, in turn.

The same procedure applies to the higher p¥ of (33).
Taking moments, we find a set of algebraic equations very
much like (40), indeed having the same left hand sides

1 @ 1 =y n ©0)n— [€))
1= s — 5o 21 m ) 1T

i—1 n—1 a
( )M(i)w_m(;—n

I

i=1 m=1 m
— “n(i—l) +n f xn—lf(x)p(j—l)(x)dx
n=23,....
i=2,8,.... (42)

the right hand sides for each j involving moments of the
earlier p». Again, there is no information in the moment
equations for n = 1, but if f is a polynomial of degree N,
we find for each j a closed set of equations in u;‘9, pp®?,

.., #ay'? by taking Equation (42) forn = 2,8,..., N
together with (35). As before, once the first N moments
of p» have been found, as many higher moments as de-
sired can be generated by taking (42) forn = N + 1,
N 4 2 etc. It should be noted that the integral term on
the right hand side of (42) leads to a certain cascading
in the number of earlier moments required as we go to
successive values of j. Thus, with f of degree N, we need:
2N — 1 moments of p® to find N moments of p®;
3N — 2 moments of p to find (2N — 1) moments of
p® to find N moments of p®; etc. But since higher
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moments can be found at will, this causes no special dif-
ficulty. Finally, having evaluated the partial moments for
as many § as desired, we may see explicitly the effect of
the mixing intensity on the overall performance of the
reactor from (29).

1 1
— 0 ¢
=m0 + M D4 Y m® +. .. (43)

This completes our solution of the one-dimensional
equation (24). Entirely similar considerations apply to
the higher dimensional versions of (2) such as (4). For
the working equation, we have in place of (24)

R

> (x)p()} = pole) — (L +0)p(o)

r=1 Oxr

o frwpens (ZEE ) war )

where x stands for (x;, %3, ..., 2z), dx for the volume
element dx;, dx, ..., dxg, and the §-symbol for the ap-
propriate product of 8-functions. The moments of p are
now multidimensional, and we denote them

Pning . .mg = f x™MXxg"2 . . . XR"R p(x) dx
with

Buing .. Mgy = fxl"lx"2...x"R po(x)dx

There are now R overall material balances in place of
(26)

.00 #10,..0

— S fw) ) ds = o

_ffR(x)p(x)dx=I"00...1;0"IL00.. 1 (45)

and these determine entirely the average behavior of the
system for first order kinetics. The single normalization
condition (27) stands.
The expansion (28) applied to (44) leads to (31) for
P(O), to
p(x) — 2 f fp(")(x’)p“)(x”)b‘ (x '; x
R

—_% ) dx’dx”

= polx) = pO () = D) = {f(1)p® ()} (46)

r=1 0%,
for p™, and to

pP(x) —2 ffp(‘”(x’)P(i) (x”)8 (x’ + x”

2

=1 W
— 12 ffp(i)(xr)p(j_i)(x”)s (’x' +x _x)dx’dx"

—x ) dx’dx”

= 2
20
—pl—D(x) — 2 r™ {fr(x)pl=P(x)}; j=2,8... (47)
r=1 T

for the higher p%. The moment expansions

0
1w
Hning ..naRr = 20 Fﬂnmg . mnR (48)
j=

with
I‘-n1(1jl; Y fxl‘”lxz”z coxr™Rp@P(x)dx (49)

applied to the material balance (45) give R equations in
p®

oo — ffl(x)p“’)(x)dx =p0...00
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o 1= St p© () dx = o0 (50)

and R equations in each of the higher p®@
w0, o —f f1(x)p@ (x)dx = 0

w0 1= f falx)p® (x)dx = 0
i=1,2... (51)

Finally, the moment expansions applied to the normaliza-
tion (27) give

Roo...0o=1 (52)
and
»
Ho0...0 = Y;

i=12,... (53)

The Equation (31) in p® is solved just as for one di-
mension. We have

P(O)(‘x) = 8(x; "‘IHO(?). o). . 8(xzr “Poé?)..l) (54)

satisfying the normalization (52), with the R first mo-
ments determined by the R material balances (50).

0

0 _
2800 ...1] = 0. .. 050

o
mo. . o— filmo. 0.

0)

) o
#oo. . 1—frlr0. . 0y vs 00, . .11 = poo.. . 10 (55)

For the first correction p©, we take moments. We find
from (46)

1)

1 a
Huing . .aR T oo 2
nyt+ .. +tnp—1
2m R

n
( n ) [ o) Jr—my i ( nR)
10...0 e
my mp

mRr=0

0) _ (5]
Lioo. . 1]"R™™R panymg .. . mp

0)

( )
=P’n1n2---nR§0""[l-‘lO...O]nl-'- (I-’-OO..

1) R

)
+ mlpso. .. 0]™ ™ ... (koo ... 1)"R

[€))

©
filowso . o o, po0. 1]+ 0

) 0
+ nrlpo.. . o] ... [roo. .. 1]J"R—1

) %)
frlmo . oee s moo.. . 1]

n1+n2+...+nR>1 (56)

Again, the leading term in the sum on the left hand side
disappears by virtue of the normalization (53), and we
find no information in the equations for ny 4+ np + ... +
ng = 1. Assuming these f, to be polynomials, each of
degree = N in each argument, this deficiency is made up
as in the 1 dimensional case by taking the Equations (56)
with ny, ng, ..., ng each running from 0 to N (but ex-
cluding ny + n2 + ... + ng = 0, 1), and adjoining to
them the R balance equations (51) for j = 1. What results
is a self-contained set of NR + R — 1 linear algebraic
equations in the leading moments of p‘¥. Even in complex
cases, this is by no means a very large number for standard
numerical methods. Thus, for the polymerization kinetics
(3), with N = 2 and R = 8, we would have only 23
equations.

The procedure may as before be extended to the higher
pY by taking moments in (47). We find
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and for polynomial f, these equations can again be closed
off by applying the overall balance (51) and the normali-
zation condition (53). There is again, as we take succes-
sive values of §, a cascading requirement for the number of
moments of the earlier p;, but these can as before be gen-
erated in turn once each basic set of equations for the
leading moments has been solved. Finally, having evalu-
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Fig. 2. Bimolecular reactions; A 4 B — 2C. Separate feeds for A
and B, po(x, y) = 1/2[6 (x—2) 8 (y) + & (x) & (y—2)], Co
= V2o =1/2yg = 1. -c------ Asymptotic values.

November, 1969



AREESERRNSATAIANIIeI BR N R H TR RS AmAREREEEITR S IR RuARR BRI
RN EREA TR I SRR E i REREREERRHERTI] T
T BEamsdtastbL ST T
TR T ERERRERAR LA L EnaLanats
imaRasanin) s ean LIl SRRRBRRRSLCHECL Al
T i | t
H Tih T
T T ThHH I
T it TR ;
il i il i
T }
HHHHHI i ual 1 S zgana)
T i
HHTTT T maman, T
i i HH
Lot H ;
f AT T
; AT !
+
it MO
+ T T NSy f T
+ t ! ; EHIH
T } 1 il
Pt ity
T T
il + ; i
H , + A
i T
T nett
i Hi ;
" + I
T T T Tt T
it it B
" : :
3 RN i
ISRRERRTETTi RaL Ty
] I RERARELARRTILUITI W FH I
T :
R RERREARRUL IR i
T T t
IRRARREN ERLAIRII] :
JRRABBEATIITII WA i
T TR
EREEEE rarRtiT ; H
IRREALARIRIN 1 . )
IRRRRREN PRLSITT)|| R ARRARER -
" T e it
HH 1 T
it i hin i i
fmt ada} T
it 1 i
i uas: T i
T i L i
o i TR
s i i T
GEwamaEAEszzasissimmmaRann .t T
e e ] il HLHm A
s T mEs; it f i
e B jmas, T 1
B i iBBa HTHILTT frpi it

Fig. 3. Adiabatic reactions; x = concentration of product, yield =
x averaged over contents of vessel, - - - - ---- Asymptotic values.

ated the partial moments for as many j as desired, we may
see explicitly the effect of the mixing intensity on the over-
all reactor performance by assembling the R first moments
from (48).

0 1w 1 o
K10 . . 0=M10,..o+7#10...o+§p»10. ot ...

¢ 1w 1

0
HOO. 1= Moo ..1+Tm0...1+-§ﬂ10 o+ ... (58)

This concludes our development of the solution to the
reactor performance equations for high mixing intensity,
and the series expansions and moment methods developed
here are applied below to the calculation of reactor be-
havior for some common reaction systems. It might be
noted that similar results can be developed for low mixing
intensity by expanding the basic equations in powers of
B/ea, that is, in powers of the A of (25) rather than 1/A.
What results is a hierarchy of differential rather than in-
tegral equations in the successive contributions to p, the
leading term being that corresponding to a completely
segregated reactor. Moment methods are no longer ap-
propriate, and indeed the successive (linear) differential
equations can readily be solved: directly, for the one-
dimensional case; via characteristics, for higher dimension.
The methods are quite straightforward, and the results are
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Fig. 4. Parallel reactions; A — B; rate constant ki, 2A — 2C; rate
constant k. S = Cg/Co-C4, selectivity. -------- Asymptotic
values.
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not quoted here. In practical design problems A is almost
invariably large as compared to unity, and the results for
small values of A are therefore of little interest in our con-
text,

DISCUSSION AND EXAMPLES

One can now summarize the preceding discussions into
a design procedure for stirred tank reactors.

The first and most important point is to determine
whether deviations from complete mixing will have a
detrimental effect. Quite often the opposite is true. Thus
for example in a homogeneous premixed second-order re-
action a degree of segregation different from zero would
improve conversion. Several authors have therefore pointed
out that assuming complete mixing will lead to an over-
estimate of the required volume. The authors do not agree
to this as in our experience most agitated vessels are very
close to complete mixing. It is not Fractical to control the
mixing so that it should be incomplete, while maintaining
good agitation heat transfer. If no agitation is necessary
then we should a priori use a plug flow reactor in such a
case. If mixing is necessary and it is further desirable to
minimize the variance of the residence time distribution
then this can be achieved by using a cascade of stirred
tanks or similar devices. Therefore the main problem in
designing or scaling up a stirred tank reactor is to decide
whether small deviations from complete mixing have a
detrimental effect or not.

In Figure 1 the effect of A = 28/a on conversion is
plotted for some typical cases of a second-order reaction.
We note that for values of A larger than 100 the conversion
is already insensitive to variation of A. This is not the case

or A close to unity, but in stirred tank reactors such low
values are quite uncommon, Consider again a practical ex-
ample. For a 10 liter vessel with a standard turbine agi-
tator and power input the low estimate of B8 according to
the literature (13) would be 0.05 to 0.1 sec.~1. A value of
A of 5 would mean a residence time of 50 sec. For a 10,000
liter vessel the lowest estimate of 8 under the same con-
dition would be 0.01 to 0.02 and a value of A = 5 would
correspond to 250 sec. residence time.

As we stated already our main problem in the design
and scale up of stirred tank reactors concerns reactions on
which a too low value of X is detrimental. The simplest
such case would be a reaction whose total order is less
than unity. Such reactions are very scarce in liquid
homogenous systems and again the effect of A is small.®

Another fairly simple case is where two reactants enter
the vessel in two separate feed pipes. In Figure 2 the con-
version for a simple irreversible second-order reaction with
separate feeds is plotted as a function of . Again the
effect is small for values of A over 100.

Here however, in very large vessels the effect would
lead to a significant reduction of A and should be evaluated
quantitatively.

A second case with similar features is an autothermic
reaction, in which a cold feed is introduced into a hot re-
action mixture. Again in this case incomplete mixing al-
ways reduces the conversion, In Figure 3 a numerical
example of the effect of A on one typical autothermic reac-
tion is given. In computing the effect of « on the reaction
we made use of a method introduced by Spalding (10),
namely the fact that for most exothermic adiabatic reac-

# Several authors have discussed the case of a zero order reaction. The
assumption of a zero order reaction is however a simplified description
of the limiting reaction velocity of catalytic reaction at high pressures,
These reactions are not zero order at high conversions, where the effect
of A would be noticeable. Furthermore, our method (as well as Zwieter-
ing’s) does not apply to heterogeneous catalytic reactions.

Page 851



tions the effect of conversion on reaction rate can with
sufficient accuracy be described by

j_x_zA 1—x)"(x+e)™ (59)
dt

The constants n and m are determined by a best fit to the
actual reaction rate dependence which normally contains
an exponential term, such as

d
2 A(l—x)" e E/RT = A(1—x)"e E/RTo(1 + ax)

di
(60)

Spalding has shown that for most exothermic reactions
the mistake made in writing (59) instead of an Arrhenius
relation is small. Equation (59) has the advantage that it
can be treated by the moment method of the preceding
section.

A low value of  leads always to a lower conversion and
the effect is quite pronounced. However for values of a
larger than 100 the effect of B again becomes small.

These last cases are examples of a broad class of cases
in which the only effect of a low value of « is a reduced
conversion. We can always compensate for this by a larger
residence time, and in fact we might want to compare the
cost of intense mixing to the cost of an increased residence
time. A quantitative evaluation, similar to the one in the
examples given, will lead to a conservative design pro-
cedure as long as we use a conservative estimation pro-
cedure for A.

A simple example of the second class of problems in
which a low value of ) might change the quality of the
product is given in Figure 4, where the reaction is as-
sumed to consist of two parallel reactions of different order
[for an example see (14)]. As the undesired reaction is of
a higher order, the concentration of the reactant should
be as low as possible everywhere. A low value of A will
therefore favor the undesirable side reaction.

If the side product is not separated, and the conversion
is high the reduction of A due to scale up might have a
serious effect. One notes here, that just increasing the
residence time without changing the intensity of agitation
will not be sufficient, as the side reaction will occur in the
concentrated region near the inlet. There is a whole class
of reactions of this type, and what complicates this case
further is the fact that in many cases the exact mechanism
and kinetics of all the possible side reactions is unknown.
As another example of this type one might mention reac-
tions in which the pH is controlled by acid addition and
where high pH in the nonmixed region might cause side
reactions.

If the kinetics of all possible undesired side reactions is
at least approximately known then the above methods can
be used to estimate the minimum value of A necessary to
guarantee the specifications. Sometimes it might turn out
to be impractical to obtain a sufficiently high value of A in
a very large tank and several parallel smaller reactors
might provide simpler and cheaper solution.

One might also want to investigate ways of increasing A
by improving both the design of the agitator and the de-
sign of the feed distribution. It is unfortunate that we do
not possess sufficiently accurate data for the effect of the
feed distribution on agitator design. But it is apparent that
using multiple agitators (single or multiple shaft) and
multiple feed injection for each agitator, we can consider-
ably increase A without increasing the energy consumption.

Similar considerations apply to the case of systems with
nucleation, in which the effect of A might be the most pro-
nounced, as even with relatively very low concentration
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fluctuations all the nucleation might occur in the small
unmixed region. This will be discussed in detail in a future
paper.

One last and somewhat discouraging conclusion that we
can draw from the above discussion is that direct empirical
evaluation of the effect of agitator design on complex re-
actions is impossible in the pilot plant. If a reaction is sen-
sitive to mixing time then this sensitivity is a strong func-
tion of B and therefore a reaction might be insensitive to
agitator design in the pilot plant while it is very sensitive
to correct agitator design in the large scale plant. This by
the way is true of other systems sensitive to agitator de-

sign (9).

ACKNOWLEDGMENT

The work reported here was supported under AFOSR Grant
No. 921-67. Some of the work reported here is a part of the
research carried out by J. J. Evangelista in partial fulfillment of
the requirements for the Ph.D. at The City University of
New York.

NOTATION

A = empirical parameter appearing in Equation (19)

A = rate constant in autothermic reaction expression

a,b = bounds on concentration

B = rate constant for initiation step in polymerization
scheme

Cs = outlet concentration of A

Cp = outlet concentration of B

Cc = outlet concentration of C

c = concentration

¢’, ¢” = dummy variables

Cy = concentration of A in feed

D = molecular diffusivity

D = rate constant for termination step in polymeriza-
tion scheme

f = rate expression

fr = rate expression, r = 1, 2,..., R

G = rate constant for propagation step in polymeriza-
tion scheme

i(t) = initiator concentration

k = reaction rate constant

L = characteristic length of the mixing system

la = Taylor (dissipation) microscale

ln, = microscale for turbulent mixing

m = constant of proportionality

m = exponent in approximate rate expression for auto-

thermic reaction
m(t) = monomer concentration
N agitator speed, rev./min.
N = degree of polynomial f
n = exponent in approximate rate expression for auto-
thermic reaction

n, = integer in moment definition; r = 1, 2, ... R
P = concentration distribution

po = concentration distribution for the feed

p* = jth term in expansion of p

R = Reynolds number

R = number of independent concentration variables
r = batch rate expression

r = linear dimension of crystal

T = molecular weight

s = degree of segregation

s = batch rate expression

t = time

u = root mean square of velocity fluctuation

u; = x-component of u

ty = y-component of u

u, = z-componentof u
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x = cartesian coordinate

x = progress variable

x; = jth moment of size distribution of growing poly-
mer chains

«/, x” = dummy variables

Y = cartesian coordinate

y = progress variable

y; = jth moment of size distribution of terminated poly-
mer

Y, y” = dummy variables

z = cartesian coordinate

Greek Letters

= inverse of nominal residence time

measure of agglomerative mixing intensity

actual power input to mixing system per unit mass
of fluid

1 = empirical efficiency parameter

A = mixing intensity parameter, = 28/«
" mean concentration

Mo mean feed concentration

un = nth moment of p
M,

25

14

v

m R
[

Hll

;0 = nth moment of py
= nth moment of p
= kinematic viscosity of working fluid
= number of radicals formed by each molecule of
decomposing initiator
variance of concentration distribution
variance of feed distribution
mean residence time
mixing time

I

¢ = concentration distribution of growing polymer
chains
¥ = concentration distribution of terminated polymer
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The Dynamic Modeling, Stability, and Control
of a Continuous Stirred Tank Chemical Reactor

W. FRED RAMIREZ and BRIAN A. TURNER

University of Colorado, Boulder, Colorado

A realistic CSTR model was developed and verified experimentally. The reaction studied was
the exothermic, base sodium hydroxide catalyzed decomposition of hydrogen peroxide. The
model was used to evaluate the usefulness of the following stability analyses: steady state
analysis, local linearization and Liapunov's direct method through Krasovskii's theorem.
The effect of control valve hysteresis on the system was also investigated.

The purpose of this investigation was to study both ex-
perimentally and theoretically the dynamics and control
of a continuous stirred tank reactor, a C.S.T.R. There exist
several analytical methods for determining stability in a
CS.T.R. (1 to 4, 7). These include steady analysis (7),
linearization techniques (8), and Krasovskii’s Theorem
with the Liapunov function it suggests (2).

R Bfian A, Turner is now with the Shell Oil Company, Martinez, Cali-
ormia.
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DYNAMIC EQUATIONS

The system considered was a continuous stirred tank
reactor. The reaction was first order and homogeneously
catalyzed. The reactant, hydrogen peroxide, and the cata-
lyst, sodium hydroxide, were fed into the reactor, while
the product, water, and unreacted peroxide were continu-
ously removed. The solution density and heat capacity
varied with concentration, but their product is nearly con-
stant and was considered constant in formulating the dy-
namic model. The exothermic heat of reaction was con-
tinuously removed through a cooling water belt which
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